CAUSAL EFFECT

Figure 3.1: A causal diagram representing the
effect of fumigants (X) on yields (Y).

Zo = fo(eo), B = fg(Zo;€B),
Z1 = fl(Z07€1)7 X = fX(Z()7€X)7 (3.3)
ZQ — fQ(Xa 21762)7 Y = fY(X7 227237€Y)7
Z3 — f3(B7227€3)'
P(LE]_, 73777/) — HP(:UZ | pa’i)7 (35)

P(zg,x,21,b,22,23,y) = P(z20)P(x|z0)P(21|20)
X P(b|zo)P(22|x, 21)

XP(Z3|Z27 b)P(y|£C, X Z3)'
(3.6)

Find P(y|§) given P(y,CU,Z]_,ZQ,Z:g)
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CAUSAL EFFECT

Definition 3.2.1 (Causal Effect)

Given two disjoint sets of variables, X and Y,
the causal effect of X on Y, denoted either as
P(y|z) or as P(y|do(x)), is a function from X to
the space of probability distributions on Y.

For each realization x of X, P(y|x) gives the
probability of Y = vy induced by deleting from
the model of (3.4) all equations corresponding
to variables in X and substituting X = x in the
remaining equations.
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INTERVENTIONS AS VARIABLES

PA;
N %
X X
G/

G

Figure 3.2: Representing external intervention
F; by an augmented network G’ = GU{F; — X;}.

[ P(z; | pa;) if F;=idle,

0 if F; = do(z])
P(x; | pa;) = - and z; =z}, (3.8)
1 if F; = do(z])

.
\ and x; = x;.

P(x1, ,:cn|é§;) = P'(z1,..., zn | F; = do(:cé)),
(3.9)

where P’ is represented by G’ .
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THE TRUNCATED FACTORIZATION
FORMULA

P(21,...,zn|E)) = iP(@lpa) if =2z

N, NN~

0 it z; = x.

(3.1 )
R ] 2 |f r, — x'j
P(xla'“)xn'x;;) — P(x',L | pai) . Z Z
0 it x; # a:;

(3.11)
P(z1,...,znlz, pa;) P(pa;)
P(zq,... ,xn|§;) — if x; = ZC;;)
0 if Z; # ZU;

(3.12)

T eore 3.2.2 (A ust ent or Direct Causes)
et P ; denote the set of direct causes of vari

able X;, and let Y be any set of variables disjoint

of {X; UP ;}. he effect of the intervention

do(X; = z}) on Y is given by

P(y|lz;) =  P(y|z},pa;)P(pa;), (3.13)

where P(y|z},pa;) and P(pa;) represent preinter
vention probabilities.



E AM LE: ROCESS CONTROL

XL Xy Xk Xn
CONTROLS
STATES
Y OUTCOME
Figure 3.3:
Given samples from P(y, z1,...,2n,%1,...,Zn), nd

P (y) where P obtains under a new strategy
Pz |z 1,2,z 1)

f do(X ==z ), then

P (y)

P(y|£17£27 cee 7557?/)
P(y|21722, sy 2Ny, L1, LDy - - 7377?/)

1
P(z |z 1,z 1)

(3.18)



IDENTIFIABILIT

Definition 3.2.3 (I entifia ilit )
et ( ) beanycomputable quantity of a model

e say that IS identi able in a class
of models if, for any pairs of models 1
and 5 from , ( 1) = ( 2) whenever

P .()=P ,()

f our observations are limited, and permit only
a partial set FF of features (of P ( )) to be
estimated, we de ne to be identi able from
Foif ( 1)= ( 2)whenever FF / =F .
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CAUSAL EFFECT IDENTIFIABILIT

Definition 3.2. (Causal Effect I entifia il
it )

he causal effect of X on Y issaid to bei enti
fia le from a graph G if the quantity P(y|z) can
be computed uniquely from any positive proba
bility of the observed variables thatis, if P _(y|Z) =
P ,(y|z) for every pair of models 1 and >
withP ()=P () OandG( 1)=G( »2)=
G.

T eore 3.2.5

Given a causal diagram G of any arkovian model
in which a subset of variables are measured,
the causal effect (y|z) is identi able whenever
{XUYUP x} , that is, whenever X, Y, and
all parents of variables in X are measured. he
expression of P(y|z) is then obtained by adjust

ing for P, as in (3.13).

Corollar 3.2.6

Given the causal diagram G of any  arkovian
model in which all variables are measured, the
causal effect P(y|z) is identi able for every two
subsets of variables X and Y and is obtained
from the truncated factorization of (3.14).
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THE BAC DOOR CRITERION

Definition 3.3.1 (Bac Door)

A set of variables Z satis es the ac oor cri
terion relative to an ordered pair of variables
(X;,X)ina AGGIf

(i) no node in Z is a descendant of X; and

(ii) Z blocks every path between X; and X that
contains an arrow into X;.

T eore 3.3.2 (Bac Door A ust ent)

f a set of variables Z satis es the back door
criterion relative to (X,Y), then the causal effect
of X on Y is identi able and is given by the
formula

P(ylz) =  P(ylz,2)P(2). (3.19)



THE FRONT DOOR CRITERION

X1
X2
X3
X5
X
X6 X
j
Figure 3.

uppose X4, Xo,X3,X , and X are unobserved.
an we nd P(x |z;)



THE FRONT DOOR CRITERION ( ont.)

Definition 3.3.3 (Front Door)

A set of variables Z is said to satisfy the ront
OOor criterion relative to an ordered pair of vari

ables (X,Y) if

(i) Z intercepts all directed paths from X to Y
(ii) there is no back door path from X to Z and

(iii) all back door paths from Z to Y are blocked
by X.

T eore 3.3. (Front Door A ust ent)
f Z satis es the front door criterion relative to
(X,Y) and if P(z,z) 0O, then the causal effect
of X on Y is identi able and is given by the
formula

P(y|z) = P(zlz) P(ylz',2)P(). (3.29)



ROOF OF FRONT DOOR CRITERION

@ (Unobserved)
" 0 »—‘0
X Fig% re 3.5 Y

P(z,y,z, )= P( )P(z| )P(z|lz)P(ylz, ).

P(y,z, |2) = P(ylz, )P(z|lz)P( ).

P(ylz) =  P(z|z)
liminate
P( |z,x)
P(yl|z,z, )
yielding
P(ylz) =  P(z|z)

P(y|z)P(z|z)

P(ylz, )P( ).

from this expression, using

P( |z),
P(ylz, ).

P(yl|z', 2) P(z').

(3.22)
(3.23)

(3.2 )

(3.25)
(3.26)

(3.28)



T eore 3. .1 (Rules o Calculus)

et G be the directed acyclic graph associated
with a causal model as de ned in (3. ), and let
P( ) stand for the probability distribution induced
by that model. For any disjoint subsets of vari
ables X,Y, Z, and we have the following rules.

Rule 1 ( nsertion deletion of observations)

P(ylz,z, )=Plz, ) if (Y Z|X, ) _.
(3.31)

Rule 2 (Action observation exchange)

P(ylz,z, )=PWlz,z, ) if (Y Z|X, ) _.
(3.32)

Rule 3 ( nsertion deletion of actions)

P(ylz,z, )=P(ylz, ) if (Y Z|X, ) _

(3.33)
where Z( ) is the set of Z nodes that are
not ancestors of any node in G+.
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IM LICATIONS OF CALCULUS

Corollar 3. .2
A causal effect = P(y1,...,y |Z1,...,Z ) is iden
ti able in a model characterized by a graph G if
there exists a nite sequence of transformations,
each conforming to one of the inference rules in
heorem 3.4.1, that reduces into a standard
(i.,e. hat free) probability expression involving
observed quantities.



NOTATION FOR CALCULUS

() U (Unobserved) @)

L e A N
X Z Y X Z Y
G Gz =G X
. o—>\_o .,—» \ [ S \
X Z Y X Z Y X Z Y
Gz G Gxz

Figure 3.6: ubgraphs of G used in the deriva
tion of causal effects.

G+ remove arrows pointing to X

G x remove arrows emanating from X

G+ remove ears of X and legs of Z

P(y, z|T)

P(ylz,z) = P(2[7)




NONIDENTIF IN MODELS
(E AM LES)

(a (b) (©)

Figure 3. : (a) A bow pattern a confounding
arc embracing a causal link X — Y, thus pre
venting the identi cation of P(y|Z) even in the
presence of an instrumental variable Z, as in (b).
(c) A bowless graph that still prohibits the iden
ti cation of P(y|z).

P(y|21, 557 ZAQ)P(zl |EE7 ZAQ)
1

— P(y|21,$,22)P(21|$).

1
(3. )

P(y|z, z2)

P(z1|Z,zp) is not identi ed.



IDENTIF IN MODELS

Z
X X X A \
\ $ Z ,
Y 20 ’ Y
(@ (b) (©)

X

(d)

Figure 3.8: ypical models in which the effect
of X on Y is identi able. ashed arcs represent
confounding paths, and Z represents observed
covariates.



NONIDENTIF IN MODELS

Figure 3.9: ypical models in which P(y|z) is
not identi able.



